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Operational matricesAbstract In this paper, we have developed an efﬁcient shifted second kind Chebyshev wavelets
based approximation method to water quality assessment model problem. The governing equation
of the uniform ﬂow model is one-dimensional convection diffusion equation (CDE) with variable
coefﬁcients. This water quality model requires the calculation of the substance dispersion given
the water velocity in the channel. To the best of our knowledge, until now there is no rigorous wave-
let solution has been reported for the water quality model problem. The shifted second kind Cheby-
shev wavelet method (CWM) for assessment of the chemical oxygen demand (COD) in a river is
considered. Some numerical examples are presented to demonstrate the validity and applicability
of the method.
 2013 Production and hosting by Elsevier B.V. on behalf of Ain Shams University.1. Introduction
Water quality is a term used to describe water’s chemical,
physical and biological characteristics. The term is usually
used to describe water’s suitability for a particular purpose
(i.e., drinking water, recreation, aquatic life). The vulnerability
of surface water and groundwater to degradation depends on
the interactions and interconnections between surface water
and groundwater, the atmosphere, natural landscape features,human activities, and aquatic health. Stream ﬂow affects many
issues related to water quality and water quantity – pollutant
concentration, water temperature, aquatic habitat and recrea-
tional uses. The various methods of investigating the amount
of pollutant both in the air and in the water mostly involve a
ﬁeld measurement and a mathematical simulation. In recent
years, the mathematical models require data concerning the
velocity of the current at any point in the domain. The hydro-
dynamic model provides the velocity ﬁeld and tidal elevation
of the water. In recent years, the increase in an industrial occu-
pation is the principal reason for the growth of pollution. The
water quality model requires the calculation of the substance
dispersion given the water velocity in the channel. The shallow
water mass transport problems are presented in [2], and the
method of characteristics has been reported. The Chebyshev
wavelet method (CWM) for assessment of the chemical oxygen
demand (COD) in a river is considered. Pochai et al. [1] had
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ﬁnite element method. The same author(s) [2–4] implemented
the ﬁnite difference method (FDM) to hydrodynamic model
with constant coefﬁcients in the uniform reservoir and stream.
This model requires the calculation of the substance dispersion
given water velocity in the channel.
In recent years, wavelet transforms have found their way
into many different ﬁelds in science, engineering and medicine.
It possesses many useful properties, such as Compact support,
orthogonality, dyadic, orthonormality and multi-resolution
analysis (MRA). Recently, wavelets have been applied exten-
sively for signal processing in communications and physics re-
search, and have proved to be an efﬁcient mathematical tool.
After discretizing the differential equations in a conventional
way like the ﬁnite difference approximation, wavelets can be
used for algebraic manipulations in the system of equations
obtained which lead to better condition number of the result-
ing system.
In wavelet based approximation methods, there are two
important ways of improving the approximation of the solu-
tions: increasing the order of the wavelet family and the
increasing the resolution level of the wavelet. Among the wave-
let transform families the Haar, Legendre and Chebyshev
wavelets deserve much attention. The basic idea of Chebyshev
wavelet method (CWM) is to convert the partial differential
equations to a system of algebraic equations by the operational
matrices of integral or derivative. The main goal is to show
how wavelets and multi-resolution analysis can be applied
for improving the method in terms of easy implementability
and achieving the rapidity of its convergence. The main advan-
tage of using orthogonal basis is that it reduces the problem
into solving a system of algebraic equations using the opera-
tional matrix of integration P[5]. The matrix P can be uniquely
determined based on the particular orthogonal functions.
Wavelets, as very well-localized functions, are considerably
useful for solving differential equations and providing accurate
solutions. Also, the wavelet technique allows the creation of
very fast algorithms when compared with the algorithms ordi-
narily used [6–8,23]. Recently, Hariharan and Kannan [25] re-
viewed wavelet methods for the solution of reaction–diffusion
problems in science and engineering
In the present paper, the Chebyshev wavelet method
(CWM) is used to compute the concentration of the pollutant
for variable inputs. The method consists of reducing the partial
differential equations to a set of algebraic equations by ﬁrst
expanding the candidate function as Chebyshev wavelets with
unknown coefﬁcients. These matrices together with the opera-
tional matrix of integration are then used to evaluate the coef-
ﬁcients of the Chebyshev wavelets for the solutions of
convection–diffusion (CD) with variable coefﬁcients. Many
analytical/approximation methods have been proposed for
solving convection–diffusion equations (CDEs), for example,
Haar wavelet method [9], the new explicit method [10] and
other methods [11–13]. The Chebyshev wavelets are well doc-
umented in the literature [14–17].2. Dispersion model in a uniform channel
The dispersion of COD is described by Convection–diffusion
equation (CDE) [18] in the domain [a,b],Dx d
2C
dx2
þUdC
dx
þ RCQ ¼ 0; ð1Þ
where C(x) is the concentration of COD at the point x 2 [a,b]
(kg/m3), U is the ﬂow velocity in x directions (m/s), Dx is the
diffusivity (m2/s), R is the substrate decay rate (s1), Q is an
increasing rate substrate concentration due to a source (kg/
m3s).
The boundary conditions are C= C0 at x= a and
dC
dx
¼ T0
at x= b.
3. Properties of Chebyshev wavelets
Wavelets constitute a family of functions constructed from
dilation and translation of a single function called the mother
wavelet. When the dilation parameter a and the translation
parameter b vary continuously we have the following family
of continuous wavelets as 19–22.
wa;bðtÞ ¼ jaj
1
2w
t b
a
 
; a; b 2 R; a–0: ð2Þ
Chebyshev wavelets wnm(t) = w(k,m, t) have three arguments;
k= 1, 2, 3, . . . , n= 1, 2, 3, . . . , 2k, m is the order for Cheby-
shev polynomials t is the normalized time. They are deﬁned on
the interval [0,1) by:
wnmðtÞ ¼
am2
k
2ﬃﬃ
p
p Tmð2kþ1t 2nþ 1Þ; n12k 6 t < n2k ;
0; otherwise
(
ð3Þ
where
am ¼
ﬃﬃﬃﬃ
2;
p
m ¼ 0
2; m ¼ 1; 2; . . .

Here, Tm(t) are well-known Chebyshev polynomials of order
m, which are orthogonal with respect to the weight function
wðtÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
p
on the interval [1,1] and satisfy the following
recursive formula:
T0ðtÞ ¼ 1;
T1ðtÞ ¼ t;
Tmþ1ðtÞ ¼ 2tTmðtÞ  Tm1ðtÞ; m ¼ 1; 2; 3; . . . :
The set of Chebyshev wavelets are an orthogonal set with re-
spect to the weight function wn(t) = w(2
k+1t  2n+ 1).
3.1. Function approximation
A function
fðtÞ ¼
X1
n¼1
X1
m¼0
fnmwnmðtÞ; ð4Þ
where
fnm ¼ ðfðtÞ;wnmðtÞÞ: ð5Þ
In Eq. (5), Æ,æ denotes the inner product with weight function
wn(t).
If the inﬁnite series in Eq.(5) is truncated, then Eq. (6) can
be written as:
fðtÞ ’ f2k ;M1ðtÞ ¼
X2k
n¼1
XM1
m¼0
fnmwnmðtÞ ¼ FTwðtÞ; ð6Þ
where F and w(t) are 2kM · 1 matrices given by:
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h iT
; ð7Þ
wðtÞ ¼ ½w10ðtÞ;w11ðtÞ; . . . ;w1;M1ðtÞ;w20ðtÞ; . . . ;w2;M1ðtÞ; . . . ;w2k ;0ðtÞ; . . . ;w2k ;M1ðtÞT
ð8Þ
Taking the collocation points as following:
ti ¼ ð2i 1Þ
2kM
; i ¼ 1; 2; . . . ; 2k1M:
We deﬁne the Chebyshev wavelet matrix Um·m as:
Umm, W
1
2m
 
W
3
2m
 
. . .W
2m 1
2m
  
:
For example, when M= 3 and k= 2 the Chebyshev wavelet
is expressed as
U66 ¼
2:2568 2:2568 2:2568 0 0 0
1:0638 9:5746 18:0854 0 0 0
2:4823 54:2562 201:7761 0 0 0
0 0 0 2:2568 2:2568 2:2568
0 0 0 1:0638 9:5746 18:0854
0 0 0 2:4823 54:2562 201:7761
2
666666664
3
7777777753.2. Chebyshev wavelets operational matrix of integration [16]
The integration of the vector W(t) deﬁned in Eq. (8) can be ob-
tained asZ t
0
WðsÞds ’ PWðtÞ; ð9Þ
where P is the (2kM) · (2kM) operational matrix for integra-
tion and is given [18] as P ¼
C S S . . . S
O C S . . . S
O O C . . . S
..
. ..
. ..
. . .
.
S
O O O    C
0
BBBB@
1
CCCCAwhere S
and C are M ·M matrices given by:
S ¼
1 0 0    0
0 0 0    0
 1
3
0 0    0
0 0 0    0
 1
15
0 0    0
..
. ..
. ..
. . .
. ..
.
 1
2MðM2Þ 0 0    0
0
BBBBBBBBBBBB@
1
CCCCCCCCCCCCA
and
C ¼ 1
2k
1
2
1
2
ﬃﬃ
2
p 0 0    0 0 0
 1
8
ﬃﬃ
2
p 0 1
8
0    0 0 0
 1
6
ﬃﬃ
2
p  1
4
0 1
12
   0 0 0
..
. ..
. ..
. ..
. . .
. ..
. ..
. ..
.
 1
2
ﬃﬃ
2
p ðM1ÞðM3Þ 0 0 0     14ðM3Þ 0  14ðM1Þ
 1
2
ﬃﬃ
2
p
MðM2Þ 0 0 0    0  14ðM2Þ 0
0
BBBBBBBBBBBB@
1
CCCCCCCCCCCCA
The integration of the product of two Chebyshev wavelet func-
tion vectors is obtained as
I ¼
Z 1
0
WðtÞWTðtÞdt; ð10Þwhere I is an unit matrix.
Also, A m-set of Block Pulse Functions (BPF) is deﬁned as
biðtÞ ¼ 1;
i
m
6 t < ðiþ1Þ
m
;
0; otherwise;
(
ð11Þ
where i= 0, 1, 2, . . . , (m  1).
The functions bi(t) are disjoint and orthogonal. That is
biðtÞblðtÞ ¼
biðtÞ; i ¼ l
0; i–l:

ð12Þ
Z 1
0
biðsÞblðsÞds ¼
1
m
; if i ¼ l
0; if i–l:

ð13Þ
The Chebyshev wavelets may be expanded into an m-term
Block Pulse Functions (BPF) as
WmðxÞ ¼ UmmBmðxÞ: ð14Þ
and Bm(t) , [b0(t)b1(t)    bi(t)    bm1(t)]T.
Lemma 3.1. If the Chebyshev wavelet expansion of a continu-
ous function f(t) converges uniformly, then the Chebyshev
wavelet expansion converges to f(t).
Theorem 3.1. [16]]A function f(t) deﬁned in [0,1), is with
bounded second derivative, say Œf00(t)Œ 6 B, can be expanded
as an inﬁnite sum of Chebyshev wavelets, and the series con-
verges uniformly to the function f(t), that is:
fðtÞ ¼
X1
n¼1
X1
m¼0
cnmw
ðkÞ
n;mðtÞ ð15Þ
where cnm ¼ fðtÞ;wðkÞn;mðtÞ
D E
and Æ.,.æ denotes the inner product in
L2wn ½0; 1.
The series
P1
n¼1
P1
m¼1cnm is absolute convergent. Moreover,
it is obvious that, for m= 0, the series
P1
n¼1cn0w
ðkÞ
n;0ðxÞ is
convergence. Consequently, it observes that the seriesP1
n¼1
P1
m¼0cnmw
ðkÞ
n;mðxÞ converges to the function f(t) uniformly.
Theorem 3.2. [16] (Accuracy estimation). [Let f(t) be a
continuous function deﬁned on [0,1), with bounded second
derivative Œf00(t)Œ bounded by B, and then we have the following
accuracy estimation:
rk;M <
ﬃﬃﬃ
p
p
B
8
X1
n¼lkþ1
1
n5
X1
m¼M
1
ðm 1Þ4
2
4
3
5
1
2
; ð16Þ
where
rk;M ¼
Z 1
0
fðtÞ 
Xlk
n¼1
XM1
m¼0
cnmw
ðkÞ
n;mðtÞ
 !2
wnðtÞdt
2
4
3
5
1
2
: ð17Þ3.3. Some properties of second kind Chebyshev polynomials and
their shifted forms
3.3.1. Second kind Chebyshev polynomials [26]
It is well known that the second kind Chebyshev polynomials
are deﬁned on [1,1] by
528 G. HariharanUnðxÞ ¼ sinðnþ 1Þh
sin h
; x ¼ cos h: ð18Þ
These polynomials are orthogonal on [1,1]Z 1
1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x2
p
UmðxÞUnðxÞdx ¼
0; m–n
p
2
m ¼ n

ð19Þ
The following properties of second kind Chebyshev polynomials
are of fundamental importance in the sequel. They are eigen
functions of the following singular Sturm–Liouville equation.
ð1 x2ÞD2/kðxÞ  3xD/kðxÞ þ kðkþ 2Þ/kðxÞ ¼ 0; ð20Þ
where D  d
dx
and may be generated by using the recurrence
relation
Ukþ1ðxÞ ¼ 2xUkðxÞ Uk1ðxÞ; k ¼ 1; 2; 3; . . . ð21Þ
Starting from U0(x) = 1 and U1(x) = 2x, or from Rodrigues
formula
UnðxÞ ¼ ð2Þ
nðnþ 1Þ!
ð2nþ 1Þ! ﬃﬃﬃﬃﬃﬃﬃﬃð1p x2ÞDn ð1 x2Þnþ
1
2
h i
ð22Þ
Theorem 3.3. [26]. The ﬁrst derivative of second kind Cheby-
shev polynomials is of the form
DUnðxÞ ¼ 2
Xn1
k¼0
ðkþnÞodd
ðkþ 1ÞUkðxÞ: ð23Þ
Deﬁnition 1. [26]
The shifted second kind Chebyshev polynomials are deﬁned
on [0,1] by UnðxÞ ¼ Unð2x 1Þ. All results of second kind
Chebyshev polynomials can be easily transformed to give the
corresponding results for their shifted forms. The orthogonally
relation with respect to the weight function
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x x2
p
is given by
Z 1
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x x2
p
UnðxÞUmðxÞdx ¼
0; m – n
p
8
; m ¼ n:
(
ð24Þ
Corollary 1. The ﬁrst derivative of the shifted second kind
Chebyshev polynomial is given by
DUnðxÞ ¼ 4
X
k¼0
ðkþnÞodd
ðkþ 1ÞUkðxÞ ð25Þ3.4. Shifted second kind Chebyshev operational matrix of
derivatives [16]
Second kind Chebyshev wavelets are denoted by wn,m(t) = w
(k,n,m, t), where k, n are positive integers and m is the order
of second kind Chebyshev polynomials. Here t is the normal-
ized time. They are deﬁned on the interval [0,1] by
wn;mðtÞ ¼
2
kþ3
2ﬃﬃ
p
p Umð2kt nÞ; t 2 n2k ; nþ12k
h i
0 otherwise
8<
: : ð26Þ
m= 0, 1, . . . , . . ., M, n= 0, 1, . . . 2k  1. A function f(t)
deﬁned over [0,1] may be expanded in terms second kind
Chebyshev wavelets asfðtÞ ¼
X1
n¼0
X1
m¼0
cnmwnmðtÞ: ð27Þ
where
cnm ¼ ðfðtÞ;wnmðtÞÞw ¼
Z 1
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t t2
p
fðtÞwnmðtÞdt: ð28Þ
If the inﬁnite series is truncated, then it can be written as
fðtÞ ¼
X1
n¼0
X1
m¼0
cnmwnmðtÞ: ¼ CTwðtÞ ð29Þ
where C and w(t) are 2k(M+ 1) · 1 deﬁned by
C¼ ½c0;0;c0;1; . . . :c0;M; . . . ;c2k1;M; . . . :c2k1;1; . . . ;c2k1;MT
wðtÞ¼ ½w0;0;w0;1; ; . . . ;w0;M; . . . :w2k1;M; . . . ;w2k1;1; . . . :;w2k1;MT
)
ð30Þ
A shifted second kind Chebyshev wavelets operational matrix
of the ﬁrst derivative is stated and proved in the following
theorem.
Theorem 2. [16]. Let W (t) be the second kind chebyshev
wavelets vector deﬁned in ( ) Then the ﬁrst derivative of the
vector W(t) can be expressed as
dwðtÞ
dt
¼ DwðtÞ ð31Þ
where D is 2k(M+ 1) square matrix of derivatives and is de-
ﬁned by
D ¼
F O : : : O
O F : : : O
: : : : : :
: : : : : :
O O : : : F
2
6666664
3
7777775
in which F is an (M+ 1) square matrix and its (r, s)th element
is deﬁned by
Fr;s ¼ 2
kþ2s rP 2; r > s and ðrþ sÞ odd:
0; otherwise
(
ð32Þ
Corollary 2. The operational matrix for the nth derivative can
be obtained from
dnwðtÞ
dtn
¼ DnwðtÞ;
n ¼ 1; 2; . . . where Dn is the nth power of D: ð33Þ3.5. Linear second-order two-point boundary value problems
Consider the linear second-order differential equation
y00ðxÞ þ g1ðxÞy0ðxÞ þ g2ðxÞyðxÞ ¼ GðxÞ; x 2 ½0; 1; ð34Þ
Subject to the initial conditions
yð0Þ ¼ a; y0ð0Þ ¼ b ð35Þ
(or) the boundary conditions
yð0Þ ¼ a; yð1Þ ¼ b ð36Þ
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a1yð0Þ þ a2y0ð0Þ ¼ a; b1yð1Þ þ b2y0ð1Þ ¼ b: ð37Þ
If we approximate the functions y(x), g1(x), g2(x) and G(x) in
terms of the second kind Chebyshev wavelet basis, one can
write
yðxÞ 
X2k1
n¼0
XM
m¼0
cnmwnmðxÞ ¼ CTwðxÞ:
g1ðxÞ 
X2k1
n¼0
XM
m¼0
gnmwnmðxÞ ¼ GT1wðxÞ ð38Þ
g2ðxÞ 
X2k1
n¼0
XM
m¼0
gnmwnmðxÞ ¼ GT2wðxÞ
gðxÞ ¼
X2k1
n¼0
XM
m¼0
gnmwnmðxÞ ¼ GTwðxÞ ð39Þ
Then
y0ðxÞ  CTDwðxÞ; y00ðxÞ ¼ CTD2wðxÞ ð40Þ
Now substitution of relations Eq.(38), Eq.(39) and Eq.(40) into
Eq. (34), enable us to deﬁne the residual, R(x), of this equation
as
RðxÞ ¼ CTD2wðxÞ þ GT1wðxÞðwðxÞÞTDTCþ GT2wðxÞ
 ðwðxÞTC GTwðxÞ: ð41Þ
and application of the tau method, yields the following
(2k(M+ 1)  2) linear equations in the unknown expansion
coefﬁcients, cnm, namelyZ t
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x x2
p
wjðxÞRðxÞdx ¼ 0;
j ¼ 1; 2; . . . 2kðMþ 1Þ  2: ð42Þ
Moreover, the initial conditions Eq.(35), the boundary condi-
tions Eq. (36), and the mixed boundary conditions Eq. (37)
lead respectively, to the following equations
CTwð0Þ ¼ a; CTDwð0Þ ¼ b;
CTwð0Þ ¼ a CTwð1Þ ¼ b ð43Þ
and
a1C
Twð0Þ þ a2Dwð0Þ ¼ a; b1CTwð1Þ þ b2CTDwð1Þ ¼ b ð44Þ
Thus Eq. (41) with the two equations of Eq. (43) or Eq. (44)
generate 2k(M+ 1) a set of linear equations which can be
solved for the unknown components of the vector C, and
hence an approximate spectral wavelets solution to y(x) can
be obtained.3.6. Solving nonlinear second-order two-point boundary value
problems by the CWM [26]
Consider the nonlinear differential equation
y00ðxÞ ¼ Fðx; gðxÞ; y0ðxÞÞ; ð45Þ
Subject to the initial conditions
yð0Þ ¼ a; y0ð0Þ ¼ b ð46Þor the boundary conditions
yð0Þ ¼ a; yð1Þ ¼ b ð47Þ
or the most general mixed boundary conditions
a1yð0Þ þ a2y0ð0Þ ¼ a; b1yð1Þ þ b2y0ð1Þ ¼ b: ð48Þ
Using the aforesaid scheme, one can obtain
CTD2wðtÞ ¼ Fðx; yðxÞ;CTDwðxÞÞ ð49Þ
To ﬁnd an approximate solution to y(x), we compute Eq. (49)
at the ﬁrst 2k(M+ 1)  2 roots of U
2kðMþ1ÞðxÞ.
Eq.(49) with the two Eqs. (47) or (48) or (49) generate
2k(M+ 1) nonlinear equations in the expansion coefﬁcients
Cnm which can be solved with the aid of Newton’s iterative
method.
3.7. Convergence theorem [21]
A function deﬁned over [0,1) may be expressed as
fðtÞ ¼
X1
n¼1
X1
m¼0
cnmw
2
nmðtÞ
where
cnm ¼< fðtÞ;w2nmðtÞ >;
in which Æ. , .æ represents the inner product in L2 [0,1].
Proof: (See Ref. [21]).
4. Applications and results
Consider the convection–diffusion equation in the form [18],
c00 ¼ pðxÞc0 þ qðxÞcþ rðxÞ: ð50Þ
We solve Eq.(50) using the second kind shifting Chebyshev
wavelets algorithm described in Sections 3.3–3.6 for the case
corresponds to M= 2 and k= 0 to obtain the approximate
solutions of c(x).
First, if we make use of Eq.(31) and Eq.(33), then the two
operational matrices D and D2 are given by
D ¼
0 0 0
4 0 0
0 8 0
0
B@
1
CA
and
D2 ¼
0 0 0
0 0 0
32 0 0
0
B@
1
CA
Then, the function w(x) can be obtained by using the following
relation.
wðxÞ ¼
ﬃﬃﬃ
2
p
r 2
8x 4
32x2  32xþ 6
0
B@
1
CA ð51Þ
If we set
C ¼ ðc0;0; c0;1; c0;2ÞT ¼
ﬃﬃﬃ
p
2
r
ðc0; c1; c2ÞT ð52Þ
then Eq.(50) takes the form
530 G. HariharanCTD2wðxÞ  pðxÞCTDwðxÞ  qðxÞCTwðxÞ þ rðxÞ ¼ 0 ð53Þ
Eq.(53) generate 2k(M+ 1) nonlinear equations in the
expansion coefﬁcients Cnm which can be solved with the aid
of Newton’s iterative method.
5. Numerical examples
Example 1. Consider the convection–diffusion equation with
variable coefﬁcients [18]
c00 ¼ pðxÞc0 þ qðxÞcþ rðxÞ: ð54Þ
We assume that there is a plant which discharge waste
water into the channel at the starting point 0.0 km and that
the COD concentrations of the waste water are 12 kg/m3.
Let the physical parameter values are: diffusion coefﬁcient
2 m2/s, ﬂow velocity u= 5  x m/s,x 2 [0,4], substance decay
rate 3 s1 and rate of change in substance concentration due to
the source 1 Kg/m3s. The space increment size 100 m is used
for the numerical simulation. The variable coefﬁcients have
been obtained from Eq. (26).
pðxÞ ¼ 5x
Dx
¼ 5x
12
qðxÞ ¼ R
Dx
 	
¼ 3
12
rðxÞ ¼ Q
Dx
 	
¼ 1
12
:
9>>=
>>;
ð55Þ
Eq. (55) becomes
c00 ¼ 5 x
12
 
c0 þ 3
12
 
c 1
12
 
: ð56Þ
Subject to the conditions
cð0Þ ¼ 12 and c0ð0Þ ¼ 0: ð57Þ
We solve Eq.(56) using the procedure described in Section 4,
for the case corresponds to M= 2 and k= 0 to obtain an
numerical solution c(x). Then the shifted second kind Cheby-
shev wavelet scheme is given by
CTD2wðxÞ  5 x
12
 
CTDwðxÞ  3
12
CTwðxÞ þ 1
12
¼ 0 ð59Þ
which is equivalent to the following expression
c2ð32x2  256xþ 810Þ þ c1ð16x 28Þ þ 6c0 þ 1 ¼ 0 ð60Þ
Now, we only need to satisfy this equation at the ﬁrst root of
U3ðxÞ.
If we select a rootx ¼ 2
ﬃﬃ
2
p
4
, then
c2 72
ﬃﬃﬃ
2
p
þ 670
 	
þ c1 4
ﬃﬃﬃ
2
p
 36
 	
þ 6c0 þ 1 ¼ 0 ð61Þ
Furthermore, the initial conditions are given bycTwð0Þ ¼ 12 ) 2c0  4c1 þ 6c2 ¼ 12 ð62Þ
cTDwð0Þ ¼ 0 ) 8c1  32c2 ¼ 0 ð63Þ
Solving Eqs. (61)–(63), we obtainc0 ¼ 5:729247; c1 ¼ 0:2166024; c2 ¼ 0:0541506Consequently,
cðxÞ ¼ ½5:729247  0:2166024  0:0541506

2
8x 4
32x2  32xþ 6
0
B@
1
CA ¼ 1:7328192x2 þ 12 ð64Þ
which is the exact solution.
The accuracy of the results is estimated by error function
E ¼ jCexact  CCWMj. The results are shown in Table 1.
Our results have compared with Pochai’s results [18] and
Padma et al.[24] results. In order to assess the advantages, efﬁ-
ciency and the accuracy of the Chebyshev wavelets scheme for
solving one-dimensional convection–diffusion equation with
variable coefﬁcients we use our method to solve another con-
vection–diffusion equation, whose exact solutions are known.
Results in the Table 1 show that the Chebyshev wavelet meth-
od agrees with the results obtained in 18]. For larger M, CW
solutions have good agreement with the exact solutions. In this
paper, the Chebyshev wavelet method (CWM) has been com-
pared with the ﬁnite difference method (FDM) [18]. By the
numerical solutions, it can be obtained that the COD concen-
tration along a uniform channel will be decreasing.
Example 2. Consider the entry ﬂow problem [9]
Pe
dc
dx
¼ d
2c
dx2
; x ¼ ð0; 1Þ ð65Þ
An exact solution of Eq.(65) in a closed form is
cðxÞ ¼ 1 1 e
Pex
1 ePe
 
ð66Þ
We solve Eq.(65) using the procedure described in Section 4,
for the case corresponds to M= 2 and k= 0 to obtain an
numerical solution c(x). Then the shifted second kind Cheby-
shev wavelet scheme is given by
PeCTDwðxÞ  CTD2wðxÞ ¼ 0 ð67Þ
From Eq.(67), the wavelets coefﬁcients C can be calculated
successively.
Example 3. We consider the steady-state convection–diffu-
sion equation 9
acxx þ bcx ¼ 0; cð0Þ ¼ 0; cð1Þ ¼ 1 ð68Þ
where a and b are constants. The exact solution in closed form
is given by
cðxÞ ¼ e
b
ax  1
e
b
a  1
ð69Þ
dc
dx
¼ Pe  e
Pex
1 ePe ð70Þ
The above solution can be compared with the Chebyshev
wavelet solution. One increases the p’eclet number Pe from 1
to 10, 50,100 and compares the dc
dx
¼ PeePe x
1ePe at x=1.
On the other hand, the Chebyshev wavelet method provides
a stable and acceptably accurate solution.
0.0035
0.0040
Uniform norm vs Time 
Table 1 Maximum absolute error for Example 1 (Eq. (56) and (57)).
Distance (km) COD concentration (Kg/m3) FDM COD concentration (Kg/m3) Error
CWM EF EC
0.0 12.0000 12.00000 0.00000 0.00000
0.5 10.0833 11.95552 1.88393 0.01171
1.0 8.44260 11.84890 3.40792 0.001620
1.5 7.07910 11.65443 4.59459 0.01926
2.0 5.97830 11.38065 5.40948 0.00713
Here
EF – error estimation of ﬁnite difference method (FDM).
EC – error estimation of Chebyshev wavelet method (CWM).
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aCTD2wðxÞ þ bCTDwðxÞ ¼ 0 ð71Þ
Setting a= b= 1, we get
cTD2wðxÞ þ cTDwðxÞ ¼ 0 ð72Þ
which is equivalent to
ð64x 96Þc2 þ 8c1 ¼ 0 ð73Þ
Now, we only need to satisfy this equation at the ﬁrst root of
U3ðxÞ.
If we select a root x ¼ 2
ﬃﬃ
2
p
4
, then
c2 16
ﬃﬃﬃ
2
p
 64
 	
þ 8c1 ¼ 0 ð74Þ
Furthermore, the initial conditions are given by
cTwð0Þ ¼ 0 ) 2c0  4c1 þ 6c2 ¼ 0 ð75Þ
cTwð1Þ ¼ 1 ) 2c0 þ 4c1 þ 6c2 ¼ 1 ð76Þ
Solving the above equations, we obtain the wavelet
coefﬁcients.
Table 2 clearly shows that to achieve the same accuracy the
Chebyshev wavelet method (CWM) is much faster than both
upwind and the Haar wavelet method (HWM).
On the other hand, Chebyshev wavelet method (CWM)
provides a stable and acceptably accurate solution. We present
a numerical example Eq. (62) to compare the Haar wavelet
approximation of a local truncation error O(h4,k2). The accu-
racy of Haar wavelet method (HWM) and Chebyshev wavelet
method (CWM) are presented in Table 2. The execution time
of calculation 500 steps of Haar method is 1.25 s while that
of Chebyshev wavelet method is 1.10 s.Table 2 Errors between the exact solution and the numerical
solution of Eq. (62) with a= 0.1 and b= 1.
Dx Upwind Haar method CWM
0.1 1.32E01 7.41E04 3.45E05
0.05 7.64E02 4.74E05 7.90E07
0.025 4.17E02 2.98E06 1.90E06
0.0125 2.18E02 1.87E07 4.79E07
0.00625 1.12E02 1.17E08 1.20E09Example 4. We consider the convection–diffusion problem 9]
2ð2x2 þ tanðx2ÞÞu ¼ d
2u
dx2
ð77Þ
We solve Eq.(77) using the procedure described in Section
4, for the case corresponds to M= 2 and k= 0 to obtain
an numerical solution u(x). Then the shifted second kind
Chebyshev wavelet scheme is given by
Using the aforesaid scheme, one can obtain
2ð2x2 þ tanðx2ÞÞCTwðxÞ ¼ CTD2wðxÞ ð78Þ
cTD2wðxÞ þ ð4x2 þ 2 tanðx2ÞÞcTwðxÞ ¼ 0 ð79Þ
Eq.(79) The linear system can be solved by using any suit-
able solver, while the nonlinear equations can be solved with
the aid of Newton’s iterative method. It is worth noting that
applying the scheme proposed above for the Eq. (77), the solu-
tion in a closed form uðxÞ ¼ cosðx2Þ; x ¼ 0; p
4

 
can be com-
pared with the CW solution. Fig.1 shows the comparison of
uniform norm Vs time of convection–diffusion Eq. (77) for
one time step. Our results can be compared with Hariharan
and Kannan’s results [9]. When solving the non-periodic prob-
lems, the second kind Chebyshev wavelet has the superiorities
(the calculation is easy implementation, and the approxima-
tion effect is better) which the CAS wavelet cannot be com-
pared with it.Uniform norm
0 2e-7 4e-7 6e-7 8e-7
tim
e 
0.0005
0.0010
0.0015
0.0020
0.0025
0.0030
Fig. 1 Comparison of uniform norm Vs time of convection–
diffusion Eq. (67) for one time step.
532 G. HariharanAll the numerical experiments presented in this section were
computed in double precision with some MATLAB codes on a
personal computer System Vostro 1400 Processor x86 Family
6 Model 15 Stepping 13 Genuine Intel 	1596 Mhz.
6. Conclusion
In this paper, the shifted second kind Chebyshev wavelet meth-
od is used for analyzing the one-dimensional convection–diffu-
sion equation with variable coefﬁcients. Numerical results
show that the second kind shifted Chebyshev Wavelet Method
(CWT) can match the analytical solution very efﬁciently with
quite a few calculations. Also the proposed method has a sim-
ple implementation process. It may be concluded that CWT is
very powerful and efﬁcient in ﬁnding analytical as well as
numerical solutions for a wide class of linear and nonlinear
differential equations. It provides more realistic series solu-
tions that converge very rapidly in real physical problems.Acknowledgements
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